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Classical results in ergodic theory

Throughout, (X,X , µ, T ) denotes a system,

meaning a measure preserving probability sys-

tem with an invertible measure preserving trans-

formation T .

Poincaré’s Recurrence Theorem:

Let (X,X , µ, T ) be a system and let A ∈ X be

a set of positive measure. Then

µ(A ∩ TnA) > 0

for infinitely many n ∈ N.

A subset E of the integers Z is syndetic if Z
can be covered by finitely many translates of

E.

Khintchine’s Recurrence Theorem:

Let (X,X , µ, T ) be a system, let A ∈ X be a

set of positive measure and let ε > 0. Then

{n ∈ Z : µ(A ∩ TnA) > µ(A)2 − ε}
is syndetic.
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Multiple Ergodic Theorem (Furstenberg):

Let (X,X , µ, T ) be a system, let A ∈ X be a

set with µ(A) > 0 and let ` ≥ 2 an integer.

Then

lim inf
N→+∞

1

N

N−1∑

n=0

µ(A∩TnA∩T2nA∩· · ·∩T (`−1)nA) > 0 .

In particular, there exist infinitely many inte-

gers n such that

µ(A ∩ TnA ∩ T2nA ∩ · · · ∩ T (`−1)nA) > 0 .

Poincaré’s Theorem is ` = 2.

What is the corresponding generalization of

Khintchine’s Theorem?

Given an integer ` > 1 and ε > 0, is the set
{
n ∈ Z : µ

(
A∩TnA∩· · ·∩T (`−1)nA

)
> µ(A)`−ε

}

syndetic?
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Answer depends on the LENGTH ` of the

arithmetic progression!

Theorem: Let (X,X , µ, T ) be an ergodic sys-

tem and let A ∈ X . Then for every ε > 0, the

subsets
{
n ∈ Z : µ(A ∩ TnA ∩ T2nA) > µ(A)3 − ε

}

and
{
n ∈ Z : µ(A∩TnA∩T2nA∩T3nA) > µ(A)4−ε

}

of Z are syndetic.

For arithmetic progressions of length ≥ 5, the

analogous result does not hold.

Theorem: There exists an ergodic system

(X,X , µ, T ) and for all integers ` ≥ 1 there

exists a set A = A(`) ∈ X with µ(A) > 0 such

that

µ(A ∩ TnA ∩ T2nA ∩ T3nA ∩ T4nA) ≤ µ(A)`/2

for every integer n 6= 0.
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Combinatorial Consequences

Furstenberg used multiple ecurrence to prove
Szemerédi’s Theorem.

Szemerédi’s Theorem (finite version):
For every integer ` ≥ 1 and every δ > 0, there
exists N(`, δ) so that for all N > N(`, δ), ev-
ery subset A of {1, . . . , N} with at least δN
elements contains an arithmetic progression
of length `.

For an arithmetic progression {a, a + s, a +
2s, . . . , a+ (`− 1)s}, s is the step of the pro-
gression.

Write bxc for integer part of x. From Sze-
merédi’s Theorem, can deduce that every
subset E of {1, . . . , N} with at least δN ele-
ments contains at least bc(k, δ)N2c arithmetic
progressions of length k, where c(k, δ) is some
constant. Therefore the set E contains at
least bc(k, δ)Nc progressions of length k with
the same step.
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Ergodic results ⇒ improvement for ` = 3,4.

Theorem: For all real numbers δ > 0 and

ε > 0 and every integer K > 0, there exists an

integer M(δ, ε,K) > 0 such that for all N >

M(δ, ε,K) and every subset E ⊂ {1, . . . , N}
with |E| ≥ δN there exist:

• a subinterval J of {1, . . . , N} with length K

and an integer s > 0 such that
∣∣∣E ∩ (E − s) ∩ (E − 2s) ∩ J

∣∣∣ ≥ (1− ε)δ3K .

• a subinterval J ′ of {1, . . . , N} with length K

and an integer s′ > 0 such that
∣∣∣E∩(E−s′)∩(E−2s′)∩(E−3s′)∩J

∣∣∣ ≥ (1−ε)δ4K .

Similar bound for longer progressions does

not hold. Proof does not use ergodic theory.
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Nonergodic counterexample

Ergodicity is not needed for Khintchine’s The-

orem, but is essential for ours.

Theorem: There exists a (nonergodic) sys-

tem (X,µ, T ) and, for every integer k ≥ 1,

there exists a subset A of X of positive mea-

sure so that

µ
(
A ∩ TnA ∩ T2nA

)
≤ 1

2
µ(A)k .

for every nonzero integer n.

Actually there exists a set A of arbitrarily

small positive measure with

µ
(
A ∩ TnA ∩ T2nA

)
≤ µ(A)−c log(µ(A))

for every integer n 6= 0 and some positive

universal constant c.
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Idea of proof: X = T×T, with Haar measure

µ = m × m and transformation T given by

T (x, y) = (x, y+ x).

Let E ⊂ {0,1, . . . , L − 1}, not containing any

nontrivial arithmetic progression of length 3.

Define

B =
⋃

j∈E

[ j
2L

,
j

2L
+

1

4L

)
,

which we consider as a subset of the torus

and A = T×B.

For every integer n 6= 0 we have Tn(x, y) =

(x, y+ nx) and

µ
(
A ∩ TnA ∩ T2nA

)
=

∫∫

T×T
1B(y)1B(y+nx)1B(y+2nx) dm(y) dm(x)

=
∫∫

T×T
1B(y)1B(y+x)1B(y+2x) dm(y) dm(x) .

Now bound this integral.
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We get:

µ
(
A ∩ TnA ∩ T2nA

)
=

∫∫

T×T
1B(y)1B(y+ x)1B(y+ 2x) dm(x) dm(y)

≤ m(B)

4L
.

Behrend’s Theorem: For every integer L >

0 there exists a subset E of {0,1, . . . , L − 1}
having more than L exp(−c√logL) elements

that does contain any nontrivial arithmetic

progression of length 3.

So we can choose E of cardinality on the or-

der of L exp(−c√logL). By choosing L suffi-

ciently large, computation gives statement.
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Counterexamples for longer arithmetic

progressions

An integer polynomial is a polynomial taking

integer values on the integers. When P is

a nonconstant integer polynomial of degree

≤ 2, the subset
{
P (0), P (1), P (2), P (3), P (4)

}

of Z is called a quadratic configuration of 5

terms, written QC5 for short.

Any QC5 contains at least 3 distinct ele-

ments. An arithmetic progression of length

5 is a QC5, corresponding to a polynomial of

degree 1.

Ruzsa’s Theorem: For every integer L > 0

there exists a subset E of {0,1, . . . , L − 1}
having more than L exp(−c√logL) elements

that does not contain any QC5.
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Theorem: There exists an ergodic system

(X,µ, T ) and, for every integer k ≥ 1, there

exists a subset A of X of positive measure

such that

µ(A ∩ TnA ∩ T2nA ∩ T3nA ∩ T4nA) ≤ 1

2
µ(A)k

for every integer n 6= 0.

Once again, proof gives estimate µ(A)−c log(µ(A)),

where c is some positive constant.

Construction: T is torus with Haar measure

m.

Take X = T × T and µ = m ×m. Let α ∈ T
be an irrational and let T be transformation

on X given by

T (x, y) = (x+ α, y+ 2x+ α) .
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Counterexample for longer progressions
in combinatorics

Theorem: For all integers k > 0, there exists
δ > 0 such that for infinitely many values of
N , there exists a subset A of {1, . . . , N} with
|A| ≥ δN that contains no more than 1

2δ
kN

arithmetic progressions of length ≥ 5 with
the same step.

Let E ⊂ {0, . . . , L − 1} not containing any
QC5 and let α /∈ Q. For N ∈ N, define

AN = {n < N : n2α (mod 1) ∈ B}
and for s ∈ N, let

ΓN,s = {n : n, n+s, n+2s, n+3s, n+4s ∈ AN} .

Show there exists infinitely many N ∈ N so
that

|AN | ≥
1

2
L|E|

and for every s ≥ 1,

|ΓN,s| ≤
3N

L
.

Proof uses Ruzsa’s Theorem.
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Positive Ergodic Results

Fix an integer ` ≥ 2, an ergodic system (X,X , µ, T )

and a A ∈ X of positive measure. Key ingre-

dient is study of the sequence

µ
(
A ∩ TnA ∩ T2nA ∩ · · · ∩ T (`−1)nA

)
.

More generally, let f ∈ L∞(µ) be a real valued

function, we consider the sequence

If(`, n) :=
∫
f(x)·f(Tnx)·. . .·f(T (`−1)nx) dµ(x) .
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When ` = 2, the correlation sequence If(2, n)

is the Fourier transform of some positive mea-

sure σ = σf on the torus T:

If(2, n) = σ̂(n) :=
∫

T
e2πint dσ(t) .

Decomposing the measure σ into its continu-

ous part σc and its discrete part σd, can write

the sequence If(2, n) as the sum of two se-

quences

If(2, n) = σ̂c(n) + σ̂d(n) .

The sequence {σ̂c(n)} tends to 0 in density,

meaning,

lim
N→+∞

sup
M∈Z

1

M

M+N−1∑

n=M

|σ̂c(n)| = 0 .

Equivalently, for any ε > 0, the set {n ∈ Z :

|σ̂c(n)| > ε} has upper Banach density zero.
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The sequence {σ̂d(n)} is almost periodic, mean-

ing that there exists a compact abelian group

G, a continuous real valued function φ on G,

and a ∈ G such that σ̂d(n) = φ(an) for all n.

A compact abelian group can be approxi-

mated by a compact abelian Lie group. So

any almost periodic sequence can be uni-

formly approximated by an almost periodic

sequence arising from a compact abelian Lie

group.
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We find a similar decomposition for the mul-

ticorrelation sequences If(`, n) for ` ≥ 3. The

notion of an almost periodic sequence is re-

placed by that of a nilsequence:

Let k ≥ 2 be an integer and let X = G/Λ be

a k-step nilmanifold. Let φ be a continuous

real (or complex) valued function on G and

let a ∈ G and e ∈ X. The sequence {φ(an ·e)}
is called a basic k-step nilsequence. A k-step

nilsequence is a uniform limit of basic k-step

nilsequences.

A 1-step nilsequence is the same as an almost

periodic sequence.

An inverse limit of compact abelian Lie groups

is a compact group. However an inverse limit

of k-step nilmanifolds is not, in general, the

homogeneous space of some locally compact

group.
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The general decomposition result is:

Theorem: Let (X,X , µ, T ) be an ergodic sys-

tem, f ∈ L∞(µ) and ` ≥ 2 an integer. The

sequence {If(`, n)} is the sum of a sequence

tending to zero in density and an (`−1)-step

nilsequence.

Let {an : n ∈ Z} be a bounded sequence of

real numbers. The syndetic supremum of

this sequence is

sup
{
c ∈ R : {n ∈ Z : an > c} is syndetic

}
.
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Every nilsequence {an} is uniformly recurrent.

In particular, if S = sup(an) and ε > 0, then

set of integers n such that an ≥ S − ε is syn-

detic.

If {an} and {bn} are two sequences of real

numbers so that an − bn tends to 0 in den-

sity, then the two sequences have the same

seyndetic supremum.

Therefore the syndetic supremums of the se-

quences

{µ(A ∩ TnA ∩ T2nA)}
and

{µ(A ∩ TnA ∩ T2nA ∩ T3nA)}
are equal to the supremum of the associated

nilsequences, and we are reduced to showing

that they are greater or equal to µ(A)3 and

µ(A)4, respectively.
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